In this work we will prove the following: Theorem 1. cons(ZF) implies cons(Z.FC + there exists a Q-set of reals + there exists a set of reals of cardinality N, which is not Lebesgue measurable).
Introduction
In this work we will solve two open problems about special sets of the reals. In order to state them we need some definitions. 0.1. Definition. A set of reals A is a Q-set iff every subset of A is a relative Fa , i.e., it is a countable union of relatively closed subsets of A .
Q-sets are very strange: for example 2 ° < 2 ' implies that there are no Q-sets of cardinality N, . Also Q-sets have universal measure zero, but they do not necessarily have strong measure zero (see [Fl, JSh2, Mi2] ).
In [Fl] it is asked if the existence of a Q-set of cardinality N¡ implies that every Hj-set of reals is of Lebesgue measure zero. Our first theorem answers this question negatively by showing Theorem. cons(ZF) implies cons(ZFC + there exists a Q-set of reals + there exists a set of reals of cardinality N, which is not Lebesgue measurable).
We show this theorem as follows. We begin by forcing a set A of reals of cardinality N, , and then we force, with a countable support iteration of length co2, making A a Q-set in the generic extension. We prove that this composition of forcing notions satisfies the Sacks property (studied in [Sh] ) and, in the end of the section, we prove that if a forcing notion has the Sacks property then in the generic extension the old reals have outer measure one. Clearly this implies, if we begin from L, that in our generic extension there exists an uncountable Q-set and a i^-set 0I" rea's which is not Lebesgue measurable. 0.2. Definition, (a) A set of reals A is a Sierpinski set iff for every measure zero set M, An M is countable.
(b) [cof = {x : x C en A \x\ = K0} ; [co]<co = {x : x ç co A |x| < K0} .
(c) A subset F C [co]" is a rapid filter iff (i) (Vjc, yeF)(xnye[cof) and (VxVy)(x e F Ax ç y -* y e F),
(ii) (V/ e cow3x e F)(V« € co)(\f(n) n x\ < n).
Clearly, if the Sierpinski set has the cardinality of the continuum then the real line cannot be the union of less than 2 °-many measure zero sets.
In [Ju] it was remarked that if the reals are not the union of less than 2 °-many meager sets then there exists a rapid filter on co. Therefore it was asked: if the reals are not the union of less than 2 °-many measure zero sets then does there exist a rapid filter on <y? The next theorem will answer this question negatively.
Theorem. cons(ZF) implies cons(ZFC + 1 ° is arbitrarily larger than N2 + there exists a Sierpinski set of cardinality 1 ° + there are no rapid filters on co).
This theorem has some applications. For example, the existence of a Sierpinski set of cardinality 2 ° implies that every A2-set of reals is measurable (see [JShl] ); also in this model cox = cox, and therefore, we get a model for "Every A2'-set of reals is Lebesgue measurable +co\ = cox+ there is no rapid filter on co." This says that it is impossible to improve the following result of Raisonnier [Ra] :
"If every Z2-set of reals is Lebesgue measurable and cox = cox then there is a rapid filter on co."
We prove this theorem in §2. The model is gotten by adding &J2-many Mathias reals and afterward adding random reals. It was remarked by A. Miller in [Mil] that in the model obtained by iterating w2-Mathias reals over L there is no rapid filter on co.
We assume that the reader knows the material given in [Ba] , about countable support iterated forcing and forcing notion satisfying the Axiom A (for the notation). The rest of the notation is standard.
Q-SETS
In this section we build a model of set theory where there exists a Q-set of reals and there exists an outer measure one set of reals of cardinality Kt . This is the model given in 1.6. For the basic definitions the reader may consult the introduction ( §0) and Fleissner [Fl] . We also need some definitions used in the construction. For hx, h2e P(A, X) we set hx < h2 if and only if hx ç h2.
1.3. Lemma. If A = (ai, A. : i < cox) and X ç cox, P(A, X) are as in 1.2 and h e P(A, X), hence i(h) = a is well defined, a < ß < cox, then there exists h* eP(A, X) such that hçh* and i(h*)>ß.
Proof. There exists g : [a, ß ) -> co such that (a) a <y < ß implies (Dom h) n ay ç g (y) D ay -A" ; (b) a < y < S < ß implies (a -g (y)) n (a3 -g(ö)) = 0 (simply let (yi :/</*< o)) = [a, ß) and construct g(y¡) by induction on /). Now Domh* = (Domh)u\Jye[aß)(a7 -g(y)) and ( h(n) if n e Y>omh, 0 if n e a -g(y) and y $ X,
if n e a -g(y) and y e X. a 1.4. Lemma. Let V be a model of Z F C satisfying (i) A = (a¡, A¡ : i < cox) is suitable, A e V ; (ii) /c7r every X C cox there exists M ç V such that X e M, A e M, and therefore, P(A, X) is definable in M ;
(iii) there exists G e V such that G ç P(A , XyM and G is generic over M.
Then B(A) = {fe2w: (3i < cox)(char(a¡) = f)} is a Q-set in V.
Proof. Use 1.3 and the hypothesis. □ 1.5. Definition. Let Q = (P.; Q : i < co2, j < co2) be a countable support iterated forcing system satisfying (a) Q0 = ({(a¿, A( : i < a) : a < cox and (a¡, Ai : i < a) is an initial segment of a suitable sequence }, Ç). Let A be the Q0-name of the suitable sequence generated by the Q0-generic object.
(b) Let 0 < i < co2 ; then there exists a F;-name X such that H-p "X ç cox and Q, = P(X, X)". (
Proof, (a) easy; (c) use 1.4. The proof of (b) is sharp: (In this work we say that a forcing notion P satisfies the Sacks property iff (Vf € VPVp e P) (if p A "f ew V" then (3q > p3g e V nw V)(q If-"f(«) e g(nY) and (V« G co)(\g(n)\ < 2"').) Let x he sufficiently large, and p e Pco2. Let N be such that N < (H(x), b , <*) (<* is some fixed well order), peN, Q,Pco2eN, ||/V||=V Set ö = N n cox , and let (wn : n < co) be such that {J{wn : n < co} = N n co2 -{0}
wn$wn+i, \wn\ = n.
Also let (xn : n < co) be an enumeration of the Pco2-names of ordinal numbers that belong to N. Let (an : n < co) be such that an < an+x and supn<&J an = ô .
And fix h e N such that h is a Pco2-name of a function from co to V.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use (*) We will choose, by induction on co, conditions pn e Pco2 and finite sets un such that Clearly for every finite h : co -> {0, 1} if r e P(X, X) then rm e P(K, X).
Let ((h¡ : a e wn+x) : I < l0 < 2(n+1)2) be a list of all (ha : a e wn+x) such that for every a e u>m+x -wm ha--un-um+x^{0,l}. Now we choose by induction on I < l0, pn ¡ such that (a) Pn,o=P«-(b) pnJ<pnJ+xePco2nN. (c) For every a e wm+x -wm , m < n we have [Pn,l+l(a) pnl\ah«Dompnl ( Then we choose k such that
This concludes the proof of part (b) of Theorem 1.6. D 1.8. Theorem. If V is a model for ZFC and P e V is a forcing notion satisfying the Sacks property then \\-p iip*(2C0 n V) = 1".
Proof. Suppose that there exists p e P such that p \\-p "yu(2w n V) = 0". Then there exists (\n : n < co) such that for every n e co In is a P-name of a rational interval, and
Olr-"^^(IJ<00", p ih "2™ n V ç p| U in".
n m>n
Then there exists g such that g is a P-name of a function from co to co and satisfying
oih" ]T ^ix * -. Proof. We begin with V = L and let F be the &J2-iteration of Mathias reals with countable support and let R be a F-name of the product of Na random reals (i.e., the measure algebra). Then we will prove that if G C P *R then ( * ) V[G] M "there are no rapid filters on co".
Clearly this is enough in order to obtain the inclusion of the theorem. The proof of (*) will take the remainder of this section.
2.1. Definition. Let a be an F-name of a set of ordinals; then we define a(n) « p(\\n e a|| ).
Then a( ) isa function from ordinals to [0, 1 ].
2.2. Fact. Let M be a model of ZFC and let F be any product of random reals, i.e., a measure algebra. Let (n¡ : i < co) be in M an increasing sequence of natural numbers. Assume that a is in M and Proof. By induction on m . m = n + I : By the symmetry of (e) and (f) without loss of generality n is even. In this stage we need to take care of the relation A .
We define wn+x '2wn suchthat wn+x contains the first n numbers of each sup(px) u sup(p2) ,forj<n, in some fixed enumeration of sup(pJx) U sup(p2). For every natural number Ç, there exists p" , (f : I < 2'w"+,'xn+ ) such (Use [Ba, §9.5] and an approximation to f(£) with error ?(£).) Now let (C, : i < co) be such that for every £ G co, and for every / < 2l%+||x"+1 the sequence (P1' (Ç) : i < co) converges to a real number in [0, 1]. We call this limit /*' . (Use a diagonal argument and the compactness theorem.)
Claim. For every k e co E*<í<íu f*J(A) < n + 2. This completes the induction. The reader may check that this works. Let U be a P-name of the R-name for a rapid filter. Then using 2.3 we get the following Conclusion 1. There exists px,p2,Bx,B2 such that (*) Jp1lr-/)jU(||F2eU||)<e, (**) />2lA/7.(||P1eU||)<£, and F, n B2 is finite, Bx U B2 = co.
Using Conclusion 1, we get the following Conclusion 2. There exists S < co2, such that for every a < r5(cof(<5) = cox) and for every (F,, B2) (Remember that P = P6u A) Then, by the hypothesis on S , and using the fact 
